(N 

O 

(N 
» 

o 

O: 



O: 
U 



Rainbow domination in the lexicographic product of graphs 

Tadeja Kraner Sumenjak * Douglas F. Rail Aleksandra Tepeh^ 



Abstract 



A /c-rainbow dominating function of a graph G is a map / from V{G) to the set of 
aU subsets of {1,2,..., k} such that {1, . . . , fc} — [JueN{v) /('") whenever v is a vertex 
with f{v) = 0. The fc-rainbow domination number of G is the invariant 7i.fc(G), which is 
the minimum sum (over all the vertices of G) of the cardinalities of the subsets assigned 
by a /c-rainbow dominating function. We focus on the 2-rainbow domination number 
■ of the lexicographic product of graphs and prove sharp lower and upper bounds for 

"j^ , this number. In fact, we prove the exact value of 7r2(G o H) in terms of domination 

invariants of G except for the case when 7r2(-ff) = 3 and there exists a minimum 2- 
rainbow dominating function of H such that there is a vertex in H with the label 
{1,2}. 
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1 Introduction 

(N 

When a graph is used to model objects or locations which can exchange some resource along 
ITJi ', its edges, the study of ordinary domination is an optimization problem to determine the 

^ ■ minimum number of locations to store the resource in such a way that each vertex either has 



the resource or is adjacent to one where the resource resides. Imagine a computer network 
in which some of the computers will be servers and the others clients. There are k distinct 
resources, and we wish to determine the optimum set of servers each hosting a nonempty 
subset of the resources so that any client (i.e., any computer on the network that is not 
a server) is directly connected to a subset of servers that together contain all k resources. 
Assuming all resources have the same cost, we seek to minimize the total number of copies 
of the k resources. This model leads naturally to the notion of A;-rainbow domination. 
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In general we follow the notation and graph theory terminology in [5]. Specifically, let 
G be a finite, simple graph with vertex set V{G) and edge set E[G). When there is no 
confusion possible we simply write g £ G, instead of g G ^(G). For any vertex g in G, 
the open neighborhood of g, written N{g), is the set of vertices adjacent to g. The closed 
neighborhood of g is the set N[g] = N{g) U {g}. IfAcV, then N{A) (respectively, A^[^]) 
denotes the union of open (closed) neighborhoods of all vertices of A. (In the event that the 
graph G under consideration is not clear we write Nc^g), and so on.) Whenever N[A] = V 
we call A a dominating set of G. The domination number of G, denoted by 7(G), is the 
minimum cardinality of a dominating set of G. If G has no isolated vertices, then the total 
domination number, jt{G), is the minimum cardinality of a total dominating set in G (that 
is, a subset S C V{G) such that N{S) = V{G)). It is clear that 7(G) < 7t(G) < 27(G) 
when 7j(G) is defined. The maximum degree of a graph G is denoted by A(G). 

For graphs G and H, the Cartesian product Go H is the graph with vertex set V{G) x 
V{H) where two vertices (gi, hi) and {g2, /12) are adjacent if and only if either gi = g2 and 
/11/12 € E{H), or hi = /12 and gig2 € E{G). The lexicographic product of G and is the 
graph G o H with vertex set V{G) x T^(-ff). In G o H two vertices ((71, /ii) and {g2, /12) are 
adjacent if and only if either gig2 G E{G), or 5(1 = 52 and /11/12 S E{H). We use vtg to 
denote the projection map from GoH onto G defined by irdg, h) = g. The projection map 
T^H onto -ff is defined in an analogous way. 

Fix a vertex g of G. The subgraph oi G o H induced by {{g,h) : /i S y(i^)} is called 
an H-layer and is denoted ^iif. If h G H is fixed, then the subgraph induced by 
{{g, h) : g ^ y(G)}, is a G-layer. Note that every G-layer of G o is isomorphic to G and 
every if-layer of G o is isomorphic to H. It is also helpful to remember that if gi and g2 
are adjacent in G, then the subgraph of G o H induced by ^^H U ^'^H is isomorphic to the 
join of two disjoint copies of H. 

For a positive integer k we denote the set {1, 2, . . . , /c} by [k]. The power set (that is, the 
set of all subsets) of [k] is denoted by 2''^]. Let G be a graph and let / be a function that 
assigns to each vertex a subset of integers chosen from the set [k\, that is, /: V{G) — )■ 2^^^. 
The weight, ||/||, of / is defined as ||/|| = Yliv£.V{G) 1/(^)1- function / is called a k- 

rainbow dominating function of G if for each vertex v S ^(G) such that f{v) = it is the 
case that 

U f{u) = {l,...,k}. 

ueN{v) 

Given a graph G, the minimum weight of a /c-rainbow dominating function is called the 
k-rainbow domination number of G, which we denote by 7rA:(G). 

The notion of /c-rainbow domination in a graph G is equivalent to domination of the 
Cartesian product G □ K^. There is a natural bijection between the set of /c-rainbow dom- 
inating functions of G and the dominating sets of GD Kk- Indeed, if the vertex set of 
is [k] and / is a /c-rainbow dominating function of G, then the set 

U ( U {(^'^)})' 

v€V(G) ief{v) 

is a dominating set of G □ i^^ . By reversing this one easily sees how to complete the one-to- 



2 



one correspondence. This proves the foUowing result from [T] where the concept of rainbow 
domination was introduced. 

Proposition 1.1 ([!]) For k>l and for every graph G, ^rk{G) = ^{GO Kk). 

Earher, Hartnell and Rail had investigated 7(6* □ Kf.). See [U]. The main focus for them 
was properties shared by graphs G for which 7r2(G') = "y{G). In particular, they proved 
that for any tree T, 7(r) < 71-2 (T). In addition, they proved a lower bound for jrkiG) that 
implies 7(G) < 7rfc(G) for every graph G whenever A: > 3. Expressed in terms of rainbow 
domination their result yields the following sharp bounds. 

Theorem 1.2 ([6]) If G is any graph and k >2, then 

min{\V{G)\,j{G) + k - 2} < j,k{G) < kj{G) . 



An upper bound for the fc-rainbow domination number of a graph, expressed in terms of 
its maximum degree, was established in [8]. 

Proposition 1.3 ([8]) If G is a graph of order n, then 7rfc(G) < n — A(G) + k — 1. 

From the algorithmic point of view, rainbow domination was studied first in [1] where 
a linear algorithm for determining a minimum 2-rainbow dominating set of a tree was 
presented. Bresar and Kraner Sumenjak proved that the 2-rainbow domination problem is 
NP-complete even when restricted to chordal graphs or bipartite graphs [2] . Both mentioned 
results were later generalized for the case of fc-rainbow domination problem by Chang, Wu 
and Zhu [3]. 

2 Upper bounds in general case 

Let / : V{G) 2^^^ be a /c-rainbow dominating function of G. For each A E 2^^'^ we 
define Va by = {x G G : f{x) = A} (we will write also to avoid confusion when 
more functions are involved). This allows us to speak of the natural partition induced by 
/ on V{G) instead of working with the function / itself. For small values of k we may, 
for example, abbreviate V|i^2,3} by V123. Thus, for A; = 3, the partition of V{G) would be 
(V0, Vi, V2, V3, V12, Vi3, V23, ^123)1 and for example, for convenience we say that a vertex in 
V13 is labeled {1,3}. If this partition arises from a 3-rainbow dominating function / of 
minimum weight, then 

7r3(G) = 11/11 = + |1/2| + |1^3| + 2(|l/l2| + 11^131 + |1^23|)+ 31^1231- 
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Proposition 2.1 For any graph H , any graph G without isolated vertices and every positive 
integer k, 

7rfc(G o H)<kjt{G). 



Proof. Fix a vertex h in H and a minimum total dominating set D = {gi, §2, - ■ ■ , dm} 
of G. Define / : V{G o H) -> 2^ by f{{g,x)) = [k] if g e D and x = h. Otherwise, 
f{{g,x)) = 0. Clearly, / is a fe-rainbow dominating function of G o H and ||/|| = k-yt{G). 
Therefore, j^kiG o H) < k-ft{G). m 

The upper bound from Proposition 12.11 can be improved if H has domination number 1. 
If Z) is a minimum dominating set of G and /i is a vertex that dominates all of H, then the 
partition Vj^] = {{u, h) : u G D} and V0 = V{G o H) — Vj^j verifies this improved bound. 

Proposition 2.2 If G is any graph without isolated vertices and H a graph such that 
-f{H) = 1, then 7rfc(G o H) < kj{G). 

In [7] the concept of dominating couples was introduced that enabled the authors to 
establish the Roman domination number of the lexicographic product of graphs. We can 
use that concept to improve the upper bound from Proposition 12. II in the case > k. 

We say that an ordered couple {A, B) of disjoint sets A^B CL V{G) is a dominating couple 
of G if for every vertex x E y{G) \ B there exists a vertex w € AUB, such that x G Ng{w). 

Proposition 2.3 If H is a graph such that \V{H)\ > k and G is a nontrivial graph, then 
^y.j^[G o H) < min{A;|A| + 'yy.i^{H)\B\ : {A,B) is a dominating couple ofG}. 

Proof. Let {A, BJ^ be a dominating couple of G. Let / be a A:-rainbow dominating 
function of H with ||/|| = j^i^^H) such that Ui)ey(_f/) f(^) ~ W (^^ exists since > k). 

Fix a vertex hinH and define / : V{G o H) ^ 2^ by f{{g, h)) = [k] if 5 G ^, f{{g, x)) = 
f{x) if g G B, and f{{g,x)) = otherwise. Clearly, / is a fe-rainbow dominating function 
ofGoH. m 

One can observe that (A, 0) is a dominating couple if and only if A is a total dominating 
set. Thus, if > k, Proposition 12.11 is a corollary of Proposition 12.31 

Consider the lexicographic product P7 o H, where Pj is a path of order 7 and H is a 
graph consisting of two 4-cycles that have one vertex in common. In Figure[T]this product is 
presented in such a way that one can comprehend which //-layer corresponds to which vertex 
of P7, but we omit edges between //-layers for the reason of clarity. Proposition 12 . 1 1 gives the 
upper bound 7r2(-f7 o H) < 8 while using the dominating couple (^4, B) = ({a, b}, {c}) of Pj 
and 2-rainbow dominating function ofP-joH depicted in Figure[T]we obtain 712(^7 ° H) < 7 
(one can check that in fact 712(^7 ° H) = 7). 



4 




o o o o o o o 

a b c 



Figure 1: Dominating couple of Pj and 2-rainbow dominating function of P7 o H. 

3 2-rainbow dominating number 

We now focus on the k = 2 case and prove that 27(G) is a lower bound for 7r2(G o H), 
unless H has order 1. If is connected of order at least 2 and G = Ki, then 7r2(G' ° H) = 
7r2(-ff) > 2 = 27(G). To prove that 27(G) is a lower bound also when the order of G is 
greater than 1 we need the following observations. 

Lemma 3.1 LetG and H be nontrivial, connected graphs such that \V{H)\ > 3 and suppose 
that (V0, Vi, V2, V12) is the partition of V{G o H) that arises from a 2-rainbow dominating 
function of minimum weight. It follows that 7rG'(Vi U V12) and ttg{V2 U V12) each dominate 
G. 

Proof. Suppose that A = irciVi U V12) does not dominate G. Fix an arbitrary vertex 
X ^ Ng[-A] and y € Ng{x). No vertex of the H-layei is adjacent to a vertex in Vi U Vi2- 
This implies that "^77 C ^2- 

Since H is connected and has order at least 3, it follows that H has a vertex of degree 
2 or more. Let a be such a vertex with neighbors 61 and 62. The vertex (y,o) belongs to 
V0 U V2. This gives rise to three cases. 

• li H has order at least 4, then let VF0 = (V0 \ {(y, a)}) U {(x,a), (x,6i), (rE,62)}i let 
Wi = Vi, let W2 = V2\ {{y, a), {x, o), (x, 61), (x, 62)} and let W12 = V12 U {{y, a)}. 

• If \V{H)\ = 3 and (?/,a) G Fg, then let = (l^g \ {{y,a)}) U {(x, 5i), (x, 62)}, let 
VFi = U {(y, a)}, let W2 = ^2 \ {(x, 61), (x, 62)} and let 1^12 = ^12. 



5 



• If \V{H)\ = 3 and {y,a) G V2, then let = U {(x,6i), (x,&2)}, let Wi = Vi, let 

= V2\{(2/,a),(x,6i),(x,62)} and let W12 = V12 U {{y , a)} . 



In all of these cases (W0, Wi, W2, W12) is a partition of V{G o H) induced by a 2-rainbow 
dominating function and yet + IW2I +2|VFi2| < |Vi| + IV2I + 2|yi2|. This contradiction 
shows that irGiVi U V12) dominates G. Interchanging the roles of 1 and 2 proves the lemma. 



Lemma 3.2 LetG be a nontrivial, connected graph. There exists apartition (V^, Vi, V2, V12) 
of V{G o K2) induced by a 2-rainbow dominating function of G o K2 of minimum weight 
such that T^G^yi U V12) and 1^0(^2 U V12) each dominate G. 

Proof. As in the proof of Lemma l3.1l we take a 2-rainbow dominating partition (Vg, Vi, V2, V12) 
of G o K2 of minimum weight. Assume that A = TTciVi U V12) does not dominate G. 
Also fix X and y as in that proof. Let V{K2) = {/ii,/i2}- Since A does not dominate x, 
{{y, hi), (y, h2)} C Ve U ^2 and -K2 C V2. 

Similar to the proof of Lemma 13.11 we get three cases. 

. If {{y,hi),{y,h2)} C V2, let T^e = U {(x,/i2)}, Wi = Vi U {{y,hi)}, W2 = V2\ 
{(x, /i2), {y, hi)} and W12 = Vu- 

. If {{y,hi),{y,h2)} C Vq, let = Vg, Wi = Vi U {(x,/i2)}, W^2 = 1^2 \ {(x,/i2)} and 
W12 = V12. 

• If {y,hi) e and (y,/i2) € ^2, then let = V^, Wi = Vi U {(x,/i2)}, W2 = 
V2\{{x,h2)} and 1^12 = 1^12. 

In all three cases (Wg, VFi, W2, W12) is a 2-rainbow dominating partition of G o K2. The 
first case is thus impossible since \Wi \ + 11^21 + 2|M^i2| < |^i| + IV2I + 2|T/i2|. In the last two 
cases \Wi\ + IW2I + 2\Wi2\ = |Vi| + 1^21 + '2\Vi2\, and A' = itg{Wi U W12) dominates more 
vertices in G than does A while B = ttg{W2 U W12) dominates the same subset of G. If A' 
does not dominate G we can repeat this process until we arrive at a 2-rainbow dominating 
partition such that the projection onto G of those vertices labeled {1} or {1,2} dominates 
G. Reversing the roles of 1 and 2 and repeating a similar modification finishes the proof. ■ 

Theorem 3.3 For every connected graph G and every nontrivial, connected graph H , 
7,2 (G o H) > 27(G). 

Proof. The inequality was proved for G of order 1 at the beginning of this section. Now, 
let |T^(G)| > 2 and let (Vg, Vi, V2, V12) be a partition of V{G o H) induced by a minimum 
2-rainbow dominating function. Using Lemmas 13.11 and 13.21 we derive 

7,2(G o H) = \Vi\ + \V2\ + 21^12! > \'kg{Vi U ^12)1 + \t^g{V2 U ^12)1 > 27(G) . 
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There are large classes of graphs that each have equal domination number and total 
domination number. For example, see [Ij for a constructive characterization of trees with 
this property. Combining the results in Proposition 12.11 and Theorem 13.31 we immediately 
get the following. 

Corollary 3.4 If G and H are nontrivial, connected graphs and 7(G) = 7t(G), then 
7r2(G o H) = 2j{G). 

We now show that with no assumption about the relationship of 7(G) and 7t(G) we get 
the same value for the 2-rainbow domination number of G o as in Corollary 13. 41 by instead 
assuming that ^r2{H) = 2. 

Theorem 3.5 For every nontrivial, connected graph G and every graph H such that 7r2(-ff) = 
2, 

7r2(G o H) = 27(G). 

Proof. It is easy to see that if i? C V{G), then (0, B) is a dominating couple of G if and 
only if is a dominating set of G. Appealing to Proposition 12.31 with k = 2 shows that 
7r2(G o H) < 7r2(i^)7(G) = 27(G). The desired equality follows by Theorem [331 ■ 

By Proposition 12. H an upper bound for 7r2(G o H) is 2-yt{G). We will prove that in the 
case when 7r2(i?) > 4, this bound is actually the exact value for 7r2(G o H). 

Theorem 3.6 If G and H are nontrivial, connected graphs and 7r2(-ff) > 4, then 
j,2{GoH) = 2jt{G). 

Proof. By the above observation it suffices to prove that 7r2(G o H) > 27t(G). Let 
(V0, Vi, V2, V12) be the partition of V{G o H) that arises from a 2-rainbow dominating 
function / of minimum weight with the property that the cardinality of 71(7(^12) is maximum. 

We claim that irdVi U V12) and vrG'(V2 U V12) are total dominating sets of G (we already 
know that they are dominating sets by Lemma l3.ip . Suppose to the contrary that one of 
the sets, say TrciVi U V12), is not a total dominating set of G. It follows that there exists 
g e TTciVi U V12) such that ^'h C Vg U V2 for every g' G Ncig). 

By Proposition O 4 < 7r2(i^) < \V{H)\ - A{H) + 1, which implies \V{H)\ > 5 since 
H is a connected graph with A{H) > 2. We claim that Vij, n ^ 0. If f {{g,h)) / 
for every h € V{II)^ then contributes at least 5 to the weight of /. Fix a vertex 
g' G Ncig) and a vertex h in H. Let / be a function on V{G o H), induced by the partition 
{W^,Wi,W2,Wi2) of V{G o H), where = U {m \ {{g,h)]), Wi = Vi\ {^H n Vi), 
W2 = V2\ ii^H n V2) U {{g', h)}) and Wu = Vu U {{g, h), {g',h)}. One can check that / 
is a 2-rainbow dominating function on V{G o H). Since its weight is less than the weight 
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of / we obtain a contradiction. Thus H ^ 0. Now we distinguish the following two 
possibilities. 

Case 1. If every vertex from V0 n is adjacent to a vertex in (V2 U ^12) H (i.e. 
the 2-rainbow domination of the ^i/-layer is assured within the layer), then the ^i7-layer 
contributes at least 4 to the weight of /, since ^j-2{H) > 4. By defining / as above we obtain 
a 2-rainbow dominating function on V{G o H), the weight of which is less than or equal to 
the weight of /, a contradiction in either case (in the second case with / being a 2-rainbow 
dominating function with the maximum cardinality of vrG'(T/i2)). 

Case 2. Suppose that there exists (g, h) (z Vq (1 that is not adjacent to any vertex in 
{V2 U V12) n (and is adjacent to {g,h") with f{{g,h")) = {1}). This implies that there 
exist g' G Naig) and h' e V{H) such that f{{g', h')) = {2}. 

First we show that there are at least two vertices in (14 U V12) H ^H. If we assume to 
the contrary that |(Vi U V12) n 3H\ = 1, then V12 (1^11 = $ and there exists {g,h"') with 
f{{g,h"')) = {2} (otherwise H would have a universal vertex, but this is in contradiction 
with 7i.2(-ff) > 4). Moreover, there are at least two such vertices, since equalities |Vin = 
IV2 n ^H\ = 1 imply 7r2(-f^) < 3, a contradiction. Let (W©, Wi, VF2, ^^12) be the following 
partition of y(Go/f): = V(itU{{g, h'")}, Wi = Vi, W2 = V2\{{g,h"'),{g' ,h')} and W^i2 = 
^12U{(5', h!)}. One can observe that this partition induces a 2-rainbow dominating function 

/ on V{GoH) with the same weight as /, and |vrG(V^i2)| > |'''"g(^i2)I) ^ contradiction. Hence 
there are at least two vertices in (Vi U V12) H ^H. 

Now, the function / induced by the partition (PF0, VFi, PV2> ^^12) where = V0 U 
{{g,h")], Wi =Vi\ {{g,h")}, W2 = V2\ {{g' ,h')] and W12 = ^12 U {{g' ,h')] is a 2- 
rainbow dominating function on V{G o H) with the same weight as /, and such that 

|7rG(Vf2)l > Kg(^i2)Ii which is a final contradiction. The claim that vrG(Vi U V12) and 
TTGiy2 U V12) are both total dominating sets of G is proved. 

From this we easily derive the desired result. Namely, if l^il > IV2I, we use the fact that 
7rG(V2 U V12) is a total dominating set which implies 7t(G) < |7rG(V2 U ^12)! < IV2 U V12I. 
Hence 

-i,2{GoH) = l^il + |"t^2| +21^12! > 21^2! + 21^12! =2|F2UFi2| > 2^t{G). 

Similarly, if < IV2I we obtain 7r2(G' ° H) > 2^t{G) using the fact that ttg^^i U ^12) is a 
total dominating set. ■ 

In the cases ^r2{H) = 2 and 7r2(i^) > 4 we obtained the exact values for 7r2(G' ° H). 
However, the case 7r2(-ff) = 3 is the most challenging. Combining Proposition 12.31 and 
Theorem 13.31 we obtain the following sharp bounds. 

Corollary 3.7 If G and H are nontrivial, connected graphs such that ")t2{H) = 2>, then 
27(G) < 7r2(G' o H) < min{2|Aj -|-3|i?| : {A,B) is a dominating couple of G} . 
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As we will see in the theorem that follows, the upper bound in the above corollary is 
actually the exact value provided that every minimum 2-rainbow dominating function of H 
enjoys a certain property. In its proof we say that a layer contributes k to the weight of 
a 2-rainbow dominating function f if k = J2h&v(H) 1/(9' 

Theorem 3.8 Let H be a connected graph with ^^2{H) = 3 and assume that for every 
minimum 2-rainbow dominating function ip of H, ip{h) ^ {1, 2} for every vertex h of H. If 
G is any graph, then 

lr2{G o H) = min{2\A\ + 2>\B\ : {A, B) is a dominating couple of G} . 

Proof. If G is isomorphic to K\, the claim from the theorem obviously holds. Hence we 
assume that G is a nontrivial graph. 

From among all minimum 2-rainbow dominating functions of the graph G o H assume 
that / is chosen with the property that for every minimum 2-rainbow dominating function 
/i of G o H, 



{xGG|{1,2}= U 



h&H 



> 



{xeG|{l,2}= U 



h&H 



Let (V0, Vi, V2-, V12) be the partition of V{G o H) induced by /. 
We now define a partition {W%, VFi, W2, 1^12) of V{G). 



• Wi = {w e G {""H (Z Vi U and "^H nVi ^ 

• W2 = {weG\'"H CViUVfD and'"HnV2^^}; and 

• Wi2 = {wGG\{l,2} = [jheHfi^^h)}. 

First we prove that if u; € Wi U W2, then by the choice of the 2-rainbow dominating 
function / the layer contributes exactly 1 to the weight of /. 



Claim 1 If X € Wi, then there is exactly one vertex in labeled {!}. If x G W2, then 
there is exactly one vertex in labeled {2}. 

Fix X G Wi and suppose there are distinct vertices hi and /i2 in H such that /(x, hi) = 

{l} = f{x,h2)- 

By the definition of Wi there is a vertex y adjacent to x in G such that contains a 
vertex labeled {2} or a vertex labeled {1,2}. However, by the minimality of the weight of 
/ it follows that {1, 2} 7^ U/igH fiv^ ^) (for otherwise we could "relabel" (x, /i2) with and 
the result would be a 2-rainbow dominating function with smaller weight). Thus, suppose 
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that f{y, /ig) = {2} for^some /13 G H. Let / : V{G o H) ^ 2PI be defined by f{x, /12) = 0, 
f{y,h3) = {1,2} and f{g,h) = f{g,h) for every other vertex {g,h) ^ {(x, ^12), (y, ^3)}- It 
is easy to see that / is a 2-rainbow dominating function of G o H having the same weight 
as /. However, under this new 2-rainbow dominating function, /, there are more ff-layers 
containing both of the labels 1 and 2 than there are with /. This contraction proves the first 
statement. The second statement is proved by interchanging the roles of 1 and 2. Hence, 
the claim is verified. 

Note that -/r2{H) = 3 imphes that -/{H) = 2 or -f{H) = 3. Hence, if w E VFi U W2, then 
Claim [T] implies that there exist u,v £ Ng{w) and h,k G V{H) such that 1 S f{u,h) and 
2 G f{v, k) (where it is possible that u = v or h = k). It also follows from this claim that 
a w € V{G) and the layer contributes 2 or more to the weight of /, then w G Wi2- 
Indeed, w G W12 if and only if '^H contributes at least 2 to the weight of /. Furthermore, 
suppose w G W12 and contributes 3 or more to the weight of /. Since ^r2{H) = 3 and / 
is a minimum 2-rainbow dominating function of G o H, for this w we can assume that the 
restriction of / to is a 2-rainbow dominating function of the subgraph of G o H induced 
by this H-layei. This follows by using the labels 0, {1} and {2} in a minimum 2-rainbow 
dominating function if of H and setting f{w, h) = ip{h). We conclude that if w G W12, then 
the layer contributes precisely 2 or 3 to the weight of /. 

We will need to be able to distinguish the following types of iJ-layers: 

• The layer is of Type 1 if for some y G Ng{x), y G Wi2- 

• The layer is of Type 2 if is not of Type 1, and there exist distinct vertices 
y,z & Ng{x) such that y G Wi and z G W2- 

• The layer is of Type 3 if it is not of Type 1 nor of Type 2 (i.e., is 2-rainbow 
dominated by / restricted to ^H). 

We may assume without loss of generality that \Wi\ > \W2\- We now modify the function 
/ to produce another minimum 2-rainbow dominating function p of G o H which has the 
property that each ff-layer that receives a nonempty label contributes either exactly 2 or 
exactly 3 to the weight of p. The general idea is that if G W0 U W12, then the labeling 
under p for vertices in will be the same as it was under /. Thus, all iJ-layers that 
contribute 2 or 3 to the weight of / will also contribute that amount to the weight of p. On 
the other hand, some i?-layers that contribute 1 to the weight of / will contribute 2 to the 
weight of p while others will contribute to the weight of p. 

We define p by specifying the partition {U%^ Ui, U2, U12) that p induces on V{G o H). Let 

Ui = {{w,k)\w £ W12 and f{w, k) = {1} } , 

U2 = {{w,k)\w e W12 and f{w, k) = {2} } , 
Ut^ = V^U{{w,k)\w eWi}, 
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and 

Ui2 = ^12 U { {w, k)\w eW2 and f{w, k) = {2} } . 

To prove that p is a 2-rainbow dominating function oi G o H let {g, h) € C/0 (in other 
words, ((7, /i) is such that f{g,h) = 0, or 51 E Wi and f{g,h) = {1}). Ah possibihties are 
covered in the following cases. 

• Suppose is of Type 1. As noted above, g has a neighbor g' € Wi2- The vertex 
{g,h) is adjacent to every vertex in ^H. By the definitions of Ui, f/2, and Uu it 
follows that {g, h) has a neighbor that (under p) contains 1 in its label and a neighbor 
that (under p) contains 2 in its label. 

• Suppose is of Type 2. Now, g has a neighbor y G Wi and a neighbor 2 G There 
exists /i' G y(i7) such that /(z,/i') = {2}. By the definition of p, p{z,h') = {1,2} 
and (5, /i) is adjacent to {z,h'). 

• Suppose that is of Type 3. By the definition of p the labels in under p agree with 
those under /, and by our assumption about /, {g,h) with the property f{g,h) = 
has a neighbor in DUi and a neighbor in n U2- 

Hence we see that in all of the above, {1, 2} = {J{p{g' , hi) \ (g' , h') G N{g, /i)}. It follows 
that p is a 2-rainbow dominating function of G o H, and by its definition ||p|| < ||/||. 
Therefore, ||p|| = 7r2(G o H). 

Let 

A = {x £ G \ contributes 2 to the weight of p} , and 

-B = { X G G I contributes 3 to the weight of p} . 

The definition of p shows that \\p\\ = 2\A\ + 3\B\. It remains to show that {A,B) is a 
dominating couple of G. For this purpose let g G y{G) — B. 11 g does not belong to A, 
then C Since p is a 2-rainbow dominating function it follows that g has a neighbor 
in A[J B. Finally, assume that g £ A. This means that contributes 2 to the weight 
of p. Since 7r2(-ff) = 3 there exists at least one vertex {g,h) G U^n such that {1,2} 7^ 
U{p{g, k)\k £ Nff^h)}. (That is, {g, h) is not 2-rainbow dominated by p from within ^H.) 
It follows that {g, h) has a neighbor in some 9H such that 9H <^{{A- {g}) U B) x V{H). 
Hence g and g' are adjacent in G, and g' G AU B. Therefore, {A, B) is a dominating couple 
ofG. ■ 

The factors of the lexicographic product represented in Figure [1] satisfy the conditions of 
the above theorem so this graph attains the upper bound of Corollarv 13.71 

We were also able to improve the upper bound from this corollary in the case of the 
lexicographic product of paths and graphs H that do not satisfy the condition on H from 
Theorem l3.8l We would like to point out that the construction used in the proof of the next 
proposition enabled us also to find a family of graphs that attains the lower bound 27(G). 
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Proposition 3.9 Let H be a connected graph with 71.2 (-ff) = 3 and the property that there 
exists a 2-rainbow dominating function of H of minimum weight such that there is a vertex 
in H labeled with {1, 2}. It follows that 

( 6[fJ+A; , n = k (mod 7) /or /c = 0, 3, 4, 5, 6, 
[ 6[f J + /c + 1 , n = k (mod 7) for k = 1,2. 

Proof. Let H hea connected graph with 'y^2{H) = 3 and suppose there exists a 2-rainbow 
dominating function f of H of minimum weight such that V12 7^ 0- Let u, f € V{H) be the 
vertices with f{u) = {1,2} and (without loss of generality) f{v) = {1}. 

To end the proof it suffices to construct a 2-rainbow dominating function p on Pn o H 
with desired weight for each case. We will represent p with a table of integers 0, 1, 2, 3 where 
these numbers denote subsets 0, {1}, {2} and {1, 2}, respectively. Numbers in the first and 
second row correspond to the values of p in the ^^P^-layer and '"Pn-la.yer, respectively (we 
omit other P„-layers, since only zeros appear in them). 

One can check that for each i = 2, 3, 4, 5, 6, 7, 8, Ri depicted below represents a 2-rainbow 
dominating function on Pi o H. 



R2 


R3 


i?4 


R5 


Re 


R7 


i?8 


30 




030 




0330 




02120 




030030 




0210210 




02102130 


10 




010 




0000 




01010 




010010 




0100020 




01000200 



To construct a 2-rainbow dominating function of Pn o H for n > 9 we distinguish three 
cases. 

If n = (mod 7), i.e n = 7t for some integer t > 1, then we obtain the table that 
corresponds to a desired function by taking t copies of R^. 



RjRj . . . 
t 

If n = 7t -|- 1 for some t > 1, then we take t — 1 copies of R-j and one copy of R^. 



R'jR'j . . . R-j 


Rs 







For all other cases (when n = 7t + i, for t > 1 and 2 < i < 6), we take t copies of Ri and 
one copy of R^. 



RjRj ...R7 


Ri 


^ V ' 

t 





Verification that in each case we obtain a 2-rainbow dominating function of desired weight 
is left to the reader. ■ 
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As we have seen in the proof, 7r2(-P7 ° H) = 6 = 27(^7), so the lower bound in Corol- 
lary 13.71 is attained. Using similar ideas we can also construct an infinite family of graphs 
that attain this lower bound. 

Let H he a, connected graph with 7r2(-f^) = 3 and the property that there exists a 2- 
rainbow dominating function of H of minimum weight such that V12 7^ 0. As above, let 
u, u € V[H) be the vertices with f{u) = {1,2} and, say f{v) = {1}. Let G be a graph 
obtained from m paths isomorphic to Pq and n paths isomorphic to P2 in such way that 
we glue them together along a pendant vertex in each path, see Figure El In this figure the 
tables as above represent the values of a 2-rainbow dominating function on G o H only in the 
^-layer (above) and *'G-layer (below), since only zeros appear elsewhere. This construction 
gives us 7r2(G' o H) < Am + 2. On the other hand, one can verify that 7(G) = 2m + 1. 
Thus, by Corollary [33 7r2(G o H) = 27(G). 



2 




1 







2 



2 




1 


1 









2 




1 







2 




2 




1 







2 



Figure 2: 2-rainbow dominating function oi G o H. 



4 Concluding remarks 

By Proposition 13.91 7r2(-f5 ° -P4) < 5, while the lower and the upper bounds from Corollary 
13.71 are 4 and 6, respectively. In fact, it is a matter of case analysis to show that 7r2(-P5 ° 
P4) = 5, but it is our conjecture that the bound from Proposition 13.91 is actually the exact 
value. 

More generally, it remains an open problem to find the formula for 7r2(G o H) in the case 
when 7r2(-ff) = 3 and there exists a minimum 2-rainbow dominating function of H such 
that there is a vertex in H with the label {1,2}. 
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